The low-energy amplitude of Compton scattering on the bound state of two charged particles of arbitrary masses, charges and spins is calculated. A case in which the bound state exists due to electromagnetic interaction (QED) is considered. The term, proportional to ω 2 , is obtained taking into account the first relativistic correction. It is shown that the complete result for this correction differs essentially from the commonly used term ∆α, proportional to the r.m.s. charge radius of the system. We propose that the same situation can take place in the more complicated case of hadrons.
Introduction
The electromagnetic polarizabilitiesᾱ andβ are fundamental characteristics of the bound system. Their magnitudes depend not only on the quantum numbers of the constituents, but also on the properties of the interaction between these constituents. Therefore, the experimental and theoretical investigation of the electromagnetic polarizabilities are of a great importance. In particular, their prediction and the comparison with experimental data may serve as a sensitive tool for tests of hadron models. Correspondingly, a large number of researchers have been attracted by this fascinating possibility. The electromagnetic polarizabilities can be obtained from the low-energy Compton scattering amplitude. In the lab frame the amplitude of Compton scattering on the compound system of total angular momentum S = 0, 1/2 up to O(ω 2 ) terms reads [1, 2] 
where ω i , k i , and ǫ i are the energy, momentum, and polarization vector of incoming (i = 1) and outgoing (i = 2) photons (h = c = 1). The contribution T Born corresponds to the amplitude of Compton scattering off a point-like particle with spin, mass, charge, and magnetic moment equal to those of the compound system. For spin S ≥ 1 the O(ω 2 ) part of the Compton scattering amplitude contains additional terms, proportional to quadrupole and higher multipoles of the bound system [3] . In particular, for S = 1 there is a contribution, proportional to the quadrupole moment operator.
The investigation of electromagnetic polarizabilities is interesting not only for systems, bound by the electromagnetic interaction, like atoms, but also for those, bound by strong interaction, such as atomic nuclei [4] or hadrons [5] . At present there are many different approaches used for the description of the electromagnetic polarizabilities of hadrons: the MIT bag model [6, 7] , the nonrelativistic quark model [8, 9, 10, 11, 12] , the chiral quark model [13, 14] , the chiral soliton model [15, 16] and the Skyrme model [17, 18] . Here we mentioned only a small part of the publications on these topics (see also review [19] ). Though much effort has been devoted to these calculations, all of them can not be considered as completely satisfactory. In particular, there is a problem in the explanation of the magnitudes of proton and neutron electric polarizabilities within a nonrelativistic quark model. It was derived many years ago [2, 20, 21] thatᾱ can be represented as a sum
where D is the internal electric dipole operator, |0 and |n are the ground and excited states in terms of internal coordinates, and E n and E 0 the corresponding energies. The term ∆α inᾱ has a relativistic nature contained and its leading term is equal to
where e and M are the particle charge and mass, r E is the electric radius defined through the Sachs form factor G E 1 . The calculation of the quantity α • in the nonrelativistic quark model without relativistic corrections taken into account leads to the same magnitude of α • for proton and neutron. Since ∆α is equal to zero for the neutron but gives a significant contribution toᾱ for the proton, one has a contradiction between the theoretical prediction ofᾱ for nucleons and their experimental values, since the latter are close to each other. In fact, this approach is not consistent, because there are relativistic corrections to α • which are of the same order as ∆α.
where P = −i∇ R and p = −i∇ r . For A = 0 we havẽ
The first relativistic correction H B (Breit Hamiltonian, see, e.g., [26] ) to Eq. (7) reads
The first term in Eq. (11) is the correction to the kinetic energy and the second one is the correction due to magnetic quanta exchange, corresponding to the space component of the photon propagator in the Coulomb gauge. If A = 0 then in the center of mass frame where the eigenvalue of the operator P is equal to zero we havẽ
The terms, containing the operator P in the Hamiltonian, determine the contribution of recoil effect to the Compton scattering amplitude. Within the precision of the present calculations these terms should be taken into account only in the HamiltonianH nr and can be ommited inH B (see below). The correction δε 0 to the ground state energy, related to the Hamiltonian H B reads
Let us start the calculation of the Compton scattering amplitude with the amplitude T nr obtained with the use of the nonrelativistic Hamiltonian Eq. (10). This amplitude can be represented as a sum T nr = T res + T s of resonance and seagull parts. The part T res is determined by the second order of perturbation theory with respect to the terms inH nr [A], linear in the vector potential A. In the lab frame it has the form
Here ψ 0 (r) = π −1/2 (µg) 3/2 exp(−µgr) is the wave function of the ground state, depending on the relative coordinate r. The final momentum of the bound system is equal to k 1 − k 2 . Using the relations Eq. (8) and Eq. (9) and making a simple transformation in order to cancel the exponents containing R, we obtain
Here 
Performing the expansion of Eq. (14) and Eq. (16) with respect to k 1,2 and ω 1,2 up to quadratic terms and using the relation
, we obtain 
There is no need here to distinguish between ω 1 and ω 2 in the O(ω 2 ) term. Therefore, we set ω 1 = ω 2 = ω in Eq. (17) . The result Eq. (17) is in agreement with Eq. (2) and Eq. (5), with α • calculated in the nonrelativistic approximation, since in our model 
Here G 0 is the reduced Green function in the operator form:
The details of calculations of different matrix elements, containing the operator G 0 are presented in Appendix A.
We pass now to the calculation of the relativistic corrections to the electromagnetic polarizabilities, connected with the Breit HamiltonianH B Eq. (11) . We perform the calculations in the same way as at the derivation of Eq. (14) and Eq. (16), but for the HamiltonianH =H nr +H B . At the calculation of these corrections within our accuracy the terms of the HamiltonianH B [A], quadratic in A do not contribute to the electromagnetic polarizabilities, i.e. the seagull contribution fromH B [A] is absent. In the corrections to the electromagnetic polarizabilities from the resonance part of the amplitude, we can take the second order of expansion with respect to ω of the operator Green function and put k 1,2 = 0 elsewhere. This means that within our accuracy we can neglect inH B [A] the terms containing the total momentum P and replace the exponents in the photon wave function by unity. Therefore, the terms in the HamiltonianH B [A], linear in A, can be represented in the form −A(0)J B , where
is the correction to the operator of the total internal current J :
Let us now discuss the relativistic correction to the electric dipole moment operator. In the lab frame it is equal to D tot = e 1 r 1 + e 2 r 2 . For the total Hamiltonian of the system the following relation holds
The r.h.s. of Eq. (22) is nothing but the operator of total current in the lab frame, containing the total momentum P. This can be verified by differentiating the Hamiltoniañ
Therefore, there are no relativistic corrections to the total electric dipole operator D tot . The internal electric dipole moment operator is defined as
where R cm is the center-of-mass vector. This vector is defind in such a way that it satisfies the following relations:
where H tot is the total relativistic Hamiltonian of the system, and P is the total momentum. Within our accuracy the second relation in Eq. (24) reads:
It is known (see, e.g. , [27] ) that there is a relativistic correction to R cm in classical electrodynamics. For the case of two particles, interacting due to electromagnetic field, the corresponding operator which satisfies the relations Eq. (24) has the form
Here we took into account the first relativistic correction and use the notation {a, b} = ab + ba. In terms of the variables r and p (see Eq. (8) and Eq. (9)) we obtain :
where the term proportional to the total momentum P is omitted. Substituting this expression into Eq. (23) we obtain the relativistic correction to the internal electric dipole moment:
Note that, as should be the case, the operator of total internal current J = J nr +J B satisfies within our accuracy the relation
where D nr is defined in Eq. (18), and H nr + H B is the internal part of Hamiltonian (see Eq. (10) and Eq. (12)).
Let us write down now the corrections to the O(ω 2 ) term of Compton scattering amplitude, related to the Breit Hamiltonian and the corresponding current. The correction due to J B reads
The O(ω 2 ) correction to the amplitude, connected with the expansion of the propagator with respect to H B , has the form
The contribution due to the correction to wave function is
. (32) At last, the contribution corresponding to the correction to the ground state energy reads:
In order to calculate the matrix elements in Eq. (30)-Eq. (33) it is convenient to use the following relations (see Appendix A): 
Thus, the relativistic corrections to α • has reduced to a renormalization of α • nr and essentially to a modification of ∆α , Eq. (3). One can expect that the last statement is valid not only for the system under consideration. Indeed, due to the definition of D, the correction toᾱ related to the modification of R cm is proportional to Q/M , where Q is the total charge of the system, and, therefore, has the same structure as ∆α.
As a nontrivial test of our method of calculation we checked the fulfilment of the lowenergy theorem for the Compton scattering amplitude. At ω = 0 this amplitude should have the form
where E 0 = M + ε 0 is the mass of the system. It is interesting, that the term in r.h.s. of Eq. (38), proportional to the nonrelativistic energy ε 0 , appears as a contribution of terms from the Breit HamiltonianH B [A], which we checked by explicit calculations (see Appendix B).
2.2
The system of a spin-0 particle and a spin-1/2 particle Let the first particle have the spin 1/2 and the second particle have the spin 0. Then we should add the term
to the nonrelativistic HamiltonianH nr [A], Eq. (7). Here H is the external magnetic field, (6), i.e. they can be neglected in the calculation of polarizabilities within our accuracy. In particular, there are no terms linear in the spin in the quantities c 1,2 , which is in agreement with the general conclusion on the absence of terms O(ω 2 ) linear in spin in the non-Born part of the Compton amplitude [22] . The only term which should be taken into account in addition to those considered in the previous subsection, is the spin-independent term in Eq. (40) (Darwin term):
It follows from Eq. (40) 
(1 + 2κ 1 ) .
As a result, the correction to the electric polarizability associated with the Breit Hamiltonian in the system of spin-0 and spin-1/2 will be the sum of α • B Eq. (36) and
The system of two spin-1/2 particles
In the case of two spin-1/2 particles it is necessary to account for two Darvin terms in addition to the Breit Hamiltonian Eq. (12), corresponding to both particles
and the Hamiltonian, corresponding to spin-spin interaction [26] :
with n = r/r. It is more convenient to rewrite δ s H B in terms of the total spin operator S = s 1 + s 2 :
where the operator Q ij , quadratic in S, is equal to
Note that in such a system as positronium it is necessary to add the contribution of the annihilation diagram, which results in the replacement (2S 2 /3 − 1) → (7S 2 /6 − 1) in the coefficient of the δ-function in Eq. (46) (of course, in this case m 1 = m 2 , e 1 = −e 2 ). As in the previous subsection, the terms proportional to the δ-function in Eq. (44) 
(48) Here we replaced S 2 by its eigenvalue S(S + 1), where S = 0, 1 is the total spin of the system. The term in Eq. (48) containing the tensor operator 3(n · S) 2 − S 2 determines the contribution to the O(ω 2 ) part of the Compton amplitude, which has the form
where · · · denotes the averaging over the spin part of the wave function. Of course, t (tensor) vanishes if S = 0. Since there is no correction to the current or to the energy of the ground state due to the tensor part of δ s H B , the contributions to α T come only from the corrections to the propagator and to the wave function. Using Eq. (31), Eq. (32), and the relations (see Appendix A)
we obtain
In the system of two spin-1/2 particles there is a big paramagnetic contribution to the magnetic polarizability from the first term in Eq. (5). The main contribution corresponds to the transition from the ground state with the total spin S = 0 to the state with S = 1, with both states having the same angular momenta, l = 0, and radial quantum nambers n r = 0 (hyperfine splitting). Representing the spin part of the magnetic moment operator in the form
and using Eq. (45), we obtain:
As was pointed out in the previous section, for positronium it is necessary to change the coefficient of δ-function in Eq. (46). As a result, the contribution of the first term in Eq. (5) to the magnetic polarizability of positronium is:
where upper sign corresponds to parapositronium (S = 0), and lower sign to orthopositronium (S = 1).
The system of two particles with arbitrary spins
Let the particles have the spins s 1,2 and magnetic moments µ 1,2 which we represent in the form
The electromagnetic current for each particle has the form (see, e.g., [29, 30] )
where q = p ′ − p. The operator Σ µ ν is a generalisation of the corresponding matrix for spin 1/2. The indices numerating the particles have been omitted. The quantities F e and G m depend on q 2 and (s µ q µ ) 2 , where s µ is the 4-vector of the spin operator. This quantities are normalized as follows:
If we neglect the q-dependence of the form factors, then, in addition to the Breit Hamiltonian for two spin-0 particles, Eq. (11), it is necessary to take into account the Hamiltonian Eq. (45) (with the corresponding spin operators) and two other contributions [29] . Namely, the Darwin Hamiltonian
ζ = 0 for integer spin and ζ = 1/4 otherwise, and the term containing the quadrupole moments of the particles:
ξ = 1/(2s −1) for integer spin and ξ = 1/(2s) otherwise. It is clear that all matrix elements can be calculated in the same way as in the previous subsection. The averaging over the spin variables can be done using the following relations
where S = s 1 + s 2 is the total spin operator, Q ij is defined in Eq. (47), and for S ≥ 1
Here Λ = S(S + 1), λ 1,2 = s 1,2 (s 1,2 + 1) are the eigenvalues of the operators S 2 and s 2 1,2 , respectively. For S = 0, 1/2 we put A = B = 0. As a result, we obtain the following generalization of Eq. (48) to the case of arbitrary spins:
The generalization of Eq. (51) is Let us now take into account the q-dependence of the electromagnetic form factors of the constituents defined in Eq. (55). We assume, that the scale of variation of these form factors are much larger than the typical momentum transfer ∼ µg. In other words, the characteristic size of each constituent is much smaller than the size of the whole system a = 1/µg. In this case it is sufficient, within our accuracy, to take G m = 1 + κ and to expand the form factor F e up to quadratic in q terms:
where r 2 e,s are some constants. Multiplying the O(q 2 ) terms in this expression by −4πg/q 2 and performing the Fourier transform, we obtain the additional terms in the Hamiltonian
Since the terms in this Hamiltonian have the same structure as above, it is easy to write down the result for the corresponding corrections to polarizabilities:
If the parameters of the form factors r 2 e,s ∼ 1/m 2 ≪ a 2 , then the contributions Eq. (65) to the polarizabilities are of the same order as α •B . The first relativistic correction to the Compton scattering amplitude at ω = 0, Eq. (38), is proportional to ε 0 = −µg 2 /2 and is independent of the spins of the constituents. Then, the correction to the amplitude at ω = 0 connected with spin-dependent terms in Breit Hamiltonian as well as the Darwin terms (also having the spin origin) should vanish. This statement was checked explicitly (see Appendix B).
Let us consider now the paramagnetic contribution to the magnetic polarizability from the first term in Eq. (5). Let s 1 ≥ s 2 . Then, the total spin of the ground state is S = s 1 −s 2 , and the main contribution corresponds to the transition from the ground state to the state with S = s 1 − s 2 + 1, with both states having the same angular momentum, l = 0, and radial quantum namber n r = 0 (hyperfine splitting). A simple explicit calculation leads to:
This term should be added to the diamagnetic contribution β dia (see Eq. (17)) :
Conclusion
We have obtained the complete result for the first relativistic corrections to the electromagnetic polarizabilities, including the tensor part which exists for the total spin S ≥ 1. We demonstrated that, within our accuracy, this tensor part contains the quadrupole moment of the system and no any higher multipoles. For the system of two spinless particles it is easy to check that the total relativistic correction Eqs. (18) and (36) is negative at arbitrary masses and charges. In the general case of non-zero spins and arbitrary anomalous magnetic moments the relativistic correction ∆α + α •B + δα •B , where δα •B is given by Eq. (61), can be positive. It is interesting to consider some special cases. The first of them is a hydrogen-like ion. In this case e 1 = e, e 2 = −Ze, and m 2 ≫ m 1 . In the limit m 2 → ∞ the result for electric polarizabilities is independent of the spin and magnetic moment of the nucleus. Neglecting also the anomalous magnetic moment κ 1 of the electron, we obtain from Eq. (17) 
where α em = e 2 = 1/137 is the fine-structure constant. Note that in this limit the correction ∆α , Eq. (3), vanishes. The result Eq. (68) is in agreement with that obtained in [31] with the use of the reduced Green function of the Dirac equation for an electron in a Coulomb field. For the magnetic polarizability at s 2 = 0 we havē
For s 2 = 1/2 in the limit m 2 ≫ m 1 there is a very big contribution from the paramagnetic part of the magnetic polarizability, Eq. (52). In the Compton scattering amplitude this contribution should be taken into account only for photon energies ω much smaller than the energy E hf ∼ α 
As in the previous case, for photon energy ω ≫ α 4 em m the paramagnetic contribution should be omitted in the Compton scattering amplitude.
For S = 1 (orthopositronium) we also have the tensor polarizability
Thus, we have shown that the complete set of the first relativistic corrections differs essentially from the commonly used term ∆α. We suppose that for the electromagnetic polarizabilities of hadrons investigated within the constituent quark model an analogous situation may be found.
